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1. Introduction
In recent years many new deﬁnitions were introduced to formalize the meaning of the word “chaos” form the mathe-
matical point of view. Usually the authors do not provide a completely new property, but rather combine known notions
to obtain a more complex one (which obviously should describe complicated dynamics). It was the case of chaos in the
sense of Li and Yorke [17], where notions of proximal and asymptotic pair were combined together to obtain a deﬁnition of
chaotic pair.
Even in the case of interval maps, chaos in the sense of Li and Yorke is not equivalent to positive topological entropy
(see [26] or [11]). This observation was a motivation for further development of the deﬁnition of Li and Yorke. Another
known notions (which generalize Li and Yorke approach) are those of ω-chaos and distributional chaos introduced in [16]
and [24] respectively. Recently, many papers were published on distributional chaos (e.g. see [1–3,13,19–21,28]) however
not too much is known about ω-chaos. Presently it is well know how to construct ω-scrambled sets for interval maps [16]
(even very large sets of this kind [27]), however beyond dimension one only a few examples are known [7,12,15,23].
In this article we will consider the standard deﬁnition of ω-chaos [16] for compact metric spaces:
Deﬁnition 1. A set Ω ⊂ X containing at least two points is called an ω-scrambled set for f if, for any two x = y in Ω ,
(1) ω f (x) \ω f (y) is uncountable,
(2) ω f (x) ∩ω f (y) = ∅, and
(3) ω f (x) \ Per( f ) = ∅.
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It is noteworthy that ω-chaos is not related to many other notions of chaos known from the literature. The pa-
per [23, Example 4.3] provides an example of a map which is ω-chaotic but is not chaotic in the sense of Li and Yorke.
In particular, it shows that ω-chaos may be observed in systems with zero topological entropy, because maps with positive
topological entropy are always chaotic in the sense of Li and Yorke [6]. The deﬁnition of ω-chaos is a so-called “local”
deﬁnition of chaos, so there is no chance that ω-chaos implies transitivity. But the situation on the interval suggests that
some kind of mixing should be enough to imply ω-chaos.
Surely, topological mixing is not enough to imply ω-chaos, since there is known example of minimal, topologically mixing
map [22]. Generally speaking, ω-chaos can be present in a system if the space contains an uncountable family of disjoint
minimal systems. If a compact metric space is inﬁnite then both, weak speciﬁcation property and topological exactness fulﬁl
this condition. Furthermore, in both cases there is a semiconjugacy with Σ+2 . This observation is the starting point for our
research.
2. Basic deﬁnitions
Let (X,d) be a compact metric space and let f : X → X be continuous. By a dynamical system we mean a pair (X, f ).
The sequence { f n(x)}∞n=0, where f 0(x) = x and f n+1(x) = f n( f (x)), is called the (positive) orbit of x (under f ) and is denoted
Orb+f (x). The set ω f (x) of all accumulation points of the orbit is called the ω-limit set of x (under f ).
A point x is said to be periodic if f n(x) = x for some n 1. We will denote by Per( f ) the set of all periodic points of f .
A subset M of X is minimal if it is closed, nonempty, invariant (i.e. f (M) ⊂ M) and contains no proper subset with these
three properties. It is well known that a nonempty closed set M ⊂ X is minimal if and only if the orbit of every point of M
is dense in M . We recall that a point x is called minimal or almost periodic if it belongs to a minimal set. When X is minimal
then we say that f is a minimal system.
We recall that f is (topologically) transitive if for any two nonempty open sets U , V ⊂ X there exists n > 0 such that
f n(U )∩ V = ∅ and is (topologically) weakly mixing if for any three nonempty open sets U , V ,W ⊂ X there exists n > 0 such
that f n(W ) ∩ V = ∅ and f n(W ) ∩ U = ∅ (see [4] for a list of equivalent conditions). If for every two nonempty open sets
U , V ⊂ X there exists N > 0 such that f n(U ) ∩ V = ∅ for all n > N then we say that f is (topologically) mixing. If for every
nonempty open set U ⊂ X there exists an integer n > 0 such that f n(U ) = X then we say that f is (topologically) exact.
Because we are not going to consider metric analogues of the above deﬁnitions, the word “topologically” will be omitted.
The speciﬁcation property was introduced by Bowen in [8] for the ﬁrst time (see also [9,10,25] for further examples of
maps with the speciﬁcation property and their basic characteristic). In this article we will follow the terminology of [5].
Deﬁnition 2. We say that a surjective continuous map f : X → X has the weak speciﬁcation property (brieﬂy WSP) if, for any
δ > 0, there is a positive integer Nδ such that for any two points y1, y2 and any sequence 0 = j1  k1 < j2  k2 with
j2 − k1  Nδ there is a point x ∈ X such that, for each positive integer m = 1,2 and all integers i with jm  i  km , the
following condition holds:
d
(
f i(x), f i(ym)
)
< δ. (1)
The weak speciﬁcation property is one of the weakest forms of the speciﬁcation (in the literature there are known other
variants, like the strong speciﬁcation property, the periodic speciﬁcation property etc. [5]). Usually, it is also assumed that
the point x in the deﬁnition of WSP is periodic (with some additional properties). This condition is not important in our
context.
Simple arguments show that a map with WSP is also mixing (the assumption that f is surjective is essential). Similar
arguments can be used to prove that if X is nontrivial (contains at least two points) and f has WSP then X is uncountable.
Let X and Y be compact metric spaces and let f : X → X and g : Y → Y be continuous maps. If there is a continuous
surjective map φ : X → Y with φ ◦ f = g ◦ φ, we will say that f and g are semiconjugate (by φ). The map φ is called
a semiconjugacy (between f and g) or a factor map, the map g is called a factor of f and the map f is called an extension
of g . If φ is a homeomorphism then we call it a conjugacy (between f and g).
2.1. Symbolic spaces
Let A be any ﬁnite set (an alphabet) and let A∗ denote the set of all ﬁnite words over A. The set A∗ with the concate-
nation of words forms a free monoid with the minimal set of generators A. For any word w ∈ A∗ we denote by |w| the
length of w , that is the number of letters which form this word. If w is the empty word (i.e. the neutral element of A∗)
then we put |w| = 0.
An inﬁnite word is a mapping w :N → A, hence it is an inﬁnite sequence w1,w2, . . . where wi ∈ A for any i ∈ N.
The set of all inﬁnite words over the alphabet A is denoted by AN . If x ∈ AN and i  j are integers then we denote
M. Lampart, P. Oprocha / Topology and its Applications 156 (2009) 2979–2985 2981x[i, j] = xixi+1 . . . x j . If i > j then w[i, j] is the empty word. We also deﬁne x[i, j) = x[i, j−1] and x(i, j) = x[i+1, j−1] . By 0∞ we
will denote the word 0∞ = 000 . . . .
In the set A is given the discrete topology and AN is endowed with the product topology. This topology is metrizable
and may be equivalently deﬁned by the following metric. For any x, y ∈AN put
d(x, y) =
{
2−k, if x = y,
0, otherwise,
where k is the length of the maximal common preﬁx of x and y, that is k = max{i: x[0,i) = y[0,i)}. Now deﬁne a shift map
σA :AN →AN by(
σA(x)
)
i = xi+1.
The pair (AN, σA) is said to be the full shift over A. We will usually simply write σ instead of σA . By Σ+n we denote the
dynamical system ({0, . . . ,n − 1}N, σ ).
If we consider the space AZ of bi-inﬁnite words (i.e. sequences Z → A), then we can build an analogous theory of
shift spaces. The main difference is that σ :AZ → AZ is invertible and d(x, y) = 2−k where k ∈ N is the maximal integer
such that x(−k,k) = y(−k,k) (when x = y). We denote by Σn the pair ({0, . . . ,n − 1}Z, σ ) and call it the full two-sided shift
over n letters alphabet. It is always clear from the context whether we mean by σ a map deﬁned on inﬁnite or bi-inﬁnite
sequences.
A closed subset X of a full shift such that σ(X) ⊂ X is called a (one-sided) subshift. In the two-sided case, X is a subshift
if the stronger condition σ(X) = X holds. The set of m-words allowed for X is denoted Bm(X) = {x[0,m): x ∈ X} and B(X) =⋃∞
m=1 Bm(X) is called the set of all words allowed for X .
Fix any u, v ∈ B(X) and n ∈ N. Suppose that there is w ∈ Bn(X) such that uwv ∈ B(X). For brevity, we will denote the
word uwv by u ∗(n) v where w ∈ Bn(X) is a joining word (we denote by ∗(n) a word which glue together u and v; we do
not care how exactly this word looks like). This notation is right associative, i.e. u ∗(n) v ∗(m) z = (u ∗(n) v) ∗(m) z.
The proof of the following proposition is straightforward and well known. It follows from the fact that each word
w ∈ B(X) represents an open set (the so-called cylinder set)
[w] = {x ∈ X: x[0,|w|) = w}
and the collection of these sets form a basis of the topology of Σ+n . In the two-sided setting cylinder sets are deﬁned by[u.v] = {x ∈ X: x[−|u|,|v|) = uv} where uv ∈ B(X).
Proposition 1. Let X be a subshift (one or two-sided).
(1) (X, σ ) is weakly mixing if and only if for any m > 0 and any words u1, v1,u2, v2 ∈ Bm(X) there is n > 0 such that
u1 ∗(n) v1,u2 ∗(n) v2 ∈ B(X).
(2) (X, σ ) is mixing if and only if for any u, v ∈ B(X) there is N such that u ∗(n) v ∈ B(X) for every n > N.
(3) (X, σ ) is exact if and only if for any u ∈ B(X) there is n > 0 such that u ∗(n) v ∈ B(X) for every v ∈ B(X).
(4) (X, σ ) has WSP if and only if there is n > 0 such that u ∗(n) v ∈ B(X) for every u, v ∈ B(X).
3. Main results
In this section we provide a few suﬃcient conditions which imply ω-chaos.
Theorem 1. Assume that X is a nondegenerate (one-sided) subshift with WSP and x ∈ X is not transitive. Then there exists an un-
countable ω-scrambled set S ⊂ X such that
x ∈
⋂
z∈S
ωσ (z).
Proof. Denote Y = Orb+σ (x) and let N > 0 be an integer given by WSP of (X, σ ). The set X \ Y is open and nonempty
so there exists a word w ∈ B(X) such that [w] ∩ Y = ∅. Since X is nondegenerate, there are distinct a,b ∈ B1(X). Denote
u0 = w ∗ a and u1 = w ∗ b (to simplify the notation we will write ∗ instead of ∗(N)). Observe that by WSP there are
words u0 ∗ u,u1 ∗ u ∈ B(X) for every u ∈ B(X). This implies that σ K ([u0]) ⊃ [u0] ∪ [u1] and σ K ([u1]) ⊃ [u0] ∪ [u1] where
K = |w| + 2N + 1. In particular, there is a closed set Z ⊂ [w] invariant for σ K such that (Z , σ K ) is an extension of Σ+2 via
a factor map γ : Z → Σ+2 .
It is well known that there is an uncountable family of uncountable minimal sets in Σ+2 (see [18], or more directly,
the construction after Example 2) and by the factor map γ we can transfer this family to Z obtaining an uncountable
family {Mˆα}α∈Ξ ⊂ Z consisting of uncountable minimal sets for σ K . But if we ﬁx any i  0 and α ∈ Ξ then σ i(Mˆα) is
also a minimal set for σ K and σ K (Mˆα) = Mˆα . The set Ξ is uncountable, so without loss of generality we may assume that
σ i(Mˆα) ∩ Mˆβ = ∅ for any distinct α,β ∈ Ξ and i  0. This implies that there exists a family of sets {Mα}α∈Ξ ⊂ X minimal
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Y ∩ Mα = ∅ as otherwise Y ∩ Mˆα = ∅ which contradicts the assumption that Y ∩ Z = ∅.
Denote by zα a point zα ∈ Mα . Fix any α ∈ Ξ and deﬁne inductively the following sequence of words:
bα1 = zα[0,1) ∗ x[0,1),
bαn+1 = bαn ∗ zα[0,n+1) ∗ x[0,n+1).
Let yα denote the unique point in the intersection
yα ∈
∞⋂
n=1
[
bαn
]
.
Put ωα = ωσ (yα) and observe that Mα ∪Y ⊂ ωα . We claim that Mβ ∩ωα = ∅ provided that α = β . Note that, if Mβ ∩ωα = ∅
then for every m > 0 there exist arbitrarily large i, j  0 such that yα[i,i+2m+N] = zβ[ j, j+2m+N] . But then there are iˆ, jˆ  0 such
that zα[iˆ,iˆ+m] = z
β
[ jˆ, jˆ+m] or x[iˆ,iˆ+m] = z
β
[ jˆ, jˆ+m] . It immediately implies that dist(Mβ,Mα)  2
−m or dist(Mβ, Y )  2−m which
contradicts the assumptions, since m can be arbitrarily large. The proof of the claim is ﬁnished.
The above construction immediately implies that the set
S = {yα: α ∈ Ξ}
is an uncountable ω-scrambled set. 
Remark 1. The above proof may be easily rewritten in the context of two-sided shifts. The only difference is that one-sided
cylinders [w] must be replaced by cylinders [u.v] where w = uv .
Theorem 2. Assume that X is a shift (one or two-sided) with WSP and x ∈ X is not transitive. Additionally assume that (Λ, f ) is an
extension of (X, σ ) via a factor map π :Λ → X and the set
B =
⋃
y∈π−1({x})
ω f (y)
contains at most countably many minimal sets. In that case f is ω-chaotic.
Proof. Let D ⊂ X be an uncountable ω-scrambled set with the property that x ∈ ⋂z∈D ωσ (z). Such a set D exists by
Theorem 1. For every z ∈ D ﬁx a point qz ∈ π−1({z}) and note that x ∈ π(ω f (qz)). Let B ′ be the set of all minimal subsets
of B . By the deﬁnition of factor map we immediately obtain that ω f (qy) \ω f (qz) is uncountable provided that y, z ∈ D are
distinct. Furthermore, ω f (qz)∩ B = ∅ for every z ∈ D . For every minimal set M ∈ B ′ deﬁne
DM = {z ∈ D: M ⊂ ω f (qz)}.
Every among the sets DM is nonempty and D =⋃M∈B ′ DM . By the assumptions the set B ′ is at most countable, hence there
exists at least one Mˆ ∈ B ′ such that DMˆ is uncountable. Directly from the deﬁnition we obtain that
Mˆ ⊂
⋂
z∈DMˆ
ω f
(
qz
)
and so the set
S = {qz: z ∈ DMˆ}
is an ω-scrambled set. 
The following theorem has almost the same proof.
Theorem 3. Assume that X is a shift (one or two-sided) with WSP and x ∈ X is not transitive. Additionally assume that (Λ, f ) is an
extension of (X, σ ) via a factor map π :Λ → X and π−1({x}) is at most countable. In that case f is ω-chaotic.
Now, we will state a few examples. The ﬁrst two provide possible applications of Theorems 2 and 3 (these theorems
look similar but in fact they are not related). The third example highlights the problems that may arise when dealing with
factor maps which are not ﬁnite-to-one.
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metric which deﬁnes it). The projection on the ﬁrst coordinate π : X → Σ+3 is a continuous surjective map. If we put
f = σ × id : X → X then (X, f ) is an extension of (Σ+3 , σ ) via the factor map π . Every ﬁbre π−1({x}) is at most countable,
thus by Theorem 3 the map f is ω-chaotic.
But if z ∈ Σ+3 is a transitive point of Σ+2 then
⋃
y∈π−1({z}) ω f (y) is equal to A×Σ+2 , in particular it contains uncountably
many minimal subsets. Despite the point z is not transitive for Σ+2 , we cannot use Theorem 2.
Example 2. Let R :S1 → S1 be an irrational rotation of the unit circle S1 and let X denote the Cartesian product
X = Σ+2 × S1.
We endow X with the product topology (and a product metric). We also deﬁne a map f : X → X by putting f = σ × R .
It is obvious that X is a compact metric space, f is continuous and the projection on the ﬁrst coordinate π : X → Σ+2 is
also continuous.
Observe that the preimage π−1({x}) of any point of x ∈ Σ+2 is uncountable, so we cannot apply Theorem 3. Fortunately,
π−1({0∞}) = {0∞}×S1 and so it is a minimal subset for f . In particular ⋃y∈π−1({0∞}) ω f (y) = {0∞}×S1 and by Theorem 2
the map f is ω-chaotic.
Fix any irrational number θ ∈ (0,1) \ Q and let R :S1 → S1 be the irrational rotation deﬁned by R(x) = x + θ (mod 1).
Let Ξ = [ 14 , 34 ]. Given α ∈ Ξ deﬁne a sequence xα ∈ Σ+2 by xαi = 1 if Ri(0) ∈ [0,α) and 0 otherwise. Deﬁne Mα = Orb+σ (xα).
Since θ is irrational, each of the sets Mα is an inﬁnite minimal set. By Weyl theorem [14, Theorem 2.7] for every x ∈ S1 and
every continuous function f :S1 → R the following equality holds
lim
n→∞
1
n
n−1∑
n=0
f
(
Rn(x)
)=
∫
S1
f (y)dy (2)
and the convergence is uniform on S1. Let χ :S1 → R denote the characteristic function of the interval [0,α) on S1 (the
interval [0,α) is lifted from [0,1) to S1 in the standard way). For every δ > 0 there are continuous functions f , g :S1 → R
such that f (x) χ(x) g(x) for every x ∈ S1 and additionally
α − δ
2

∫
S1
f (y)dy 
∫
S1
χ(y)dy 
∫
S1
g(y)dy  α + δ
2
.
Then there is N = Nδ > 0 such that for every n > N and every x ∈ S1 the following inequalities hold (as we said, the
convergence in (2) is uniform):
α − δ  #{0 i  n: R
i(x) ∈ [0,α)}
n
 α + δ.
This implies that for every k ∈ N and every n > N the following holds:
α − δ  #{0 i  n: x
α
k+i = 1}
n
 α + δ
and so for every z ∈ Mα we obtain that
α − δ  #{0 i  n: zi = 1}
n
 α + δ.
This immediately implies that Mα ∩ Mβ = ∅ for α = β , because if α < β then there is δ > 0 such that α + δ < β − δ. Let Nα
denote the set obtained from Mα by change of all symbols 0 to 2 and all 1 to 3 in all points belonging to Mα (and yα is
the point obtained from xα by the same replacement).
Given x, y ∈ Σ+n deﬁne (x  y) ∈ Σ+n as the following inﬁnite concatenation:
x  y = x[0,1) y[0,1)x[0,2) y[0,2)x[0,3) y[0,3) · · · .
Denote cα = xα  yα and let
W =
⋃
α∈Ξ
Orb+σ
(
cα
)
.
By the deﬁnition W is a subshift of Σ+4 .
The same arguments as in [23, Example 4.3] shows that for any w ∈ W there is α ∈ Ξ such that one of the following
possibilities hold:
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(2) ωσ (w) = Nα ,
(3) ωσ (w) = Nα ∪ Mα ∪ Qα where
Qα =
⋃
1i j
{
xα[i, j] y
α, yα[i, j]x
α
}
.
By the above conditions, there is no ω-chaotic pair in W . We can use the subshift W to show that sometimes ω-chaos is
not transferred via a factor map.
Example 3. Let W be the subshift constructed above, and let π :W → Σ+2 be the map deﬁned by π(x)i = xi if xi ∈ {0,1}
and 0 otherwise. By the deﬁnition π is continuous, and additionally
0∞ ∈ ωσ
(
π
(
cα
))
for every α ∈ Ξ . But if α = β then Mα ⊂ ωσ (cα) \ ωσ (cβ) and as a result Mα ⊂ ωσ (π(cα)) \ ωσ (π(cβ)). This proves that
π(W ) is an ω-chaotic subshift whereas W is not.
4. Problems for further research
It is easy to verify that the weak speciﬁcation property allow us to track any ﬁnite number s  2 of segments of or-
bits (i.e. we can restate Deﬁnition 2 with sequences {yi}si=1, { ji}si=1 and {ki}si=1 obtaining an equivalent deﬁnition). The
only difference is that the number Nδ will depend also on s in that case (see [20, Deﬁnition 2]). In other words, we can
“trace” arbitrarily many orbits. But to approximate ω-limit sets we additionally have to decrease δ which in turn, usually
increases Nδ (it was not the case in symbolic dynamics). This is the main diﬃculty to prove ω-chaos in general case, be-
cause we do not control a tracing point x on arbitrarily large segments of the orbit. In particular we cannot say too much
about its ω-limit set. We can specify the points it must at least contain, but we cannot estimate the size of its ω-limit set
from the above (we cannot even exclude the situation that ω f (x) = X ). The same problems may arise, when we consider
the case of topologically exact map.
In summary, presently we do not know the solution for the questions stated below, but we believe that in both cases
positive answer can be given:
Question 1. Does every map with the weak speciﬁcation property (or its stronger version) posses an ω-scrambled set?
Question 2. Does every topologically exact map posses an ω-scrambled set?
We also think that the positive answer to Question 2 will immediately provide the answer to Question 1.
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